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1 Optimization Overview
1.1 Convexity in Optimization
Definition 1.1 (An Optimization Problem).

min  f(x),
X
Subjectto gij(x) <0, i=1,...,m,
hj(x)=0, j=1...,p,

where f(x) is the objective function, and g;(x) and h;(x) are in-
equality and equality constraint equations over decision variable x.
The inequality and equality constraints determine a feasible set S of
admissible values of x over which to optimize f. When the objective
function f and the feasible set S are both convex, then the problem
is a convex optimization problem.

Definition 1.2 (Convex Sets). A set C C R" is convex if and only
if line segment connecting any two points x, y € C lies entirely in

C.
ax+(1—-a)yeC forace[0,1].

PrROPOSITION 1.3 (INTERSECTION OF CONVEX SETS). IfCy and C,
are convex, then C = C; N C; is convex.

Proor. Let x,y € C. Then x,y € C; and x,y € C,. Since C; is
convex, ax + (1 —a)y € C; for a € [0,1]. ax + (1 — a)y € C, for
a € [0,1]. Thus ax + (1 —a)y € C; N C, = C for « € [0, 1]. O

Definition 1.4 (Convex Hull). The smallest convex set containing a
set C is called its convex hull, denoted hull(C). The convex hull of
a convex set is itself. Also, hull(C) can be viewed as the intersection
of every convex set containing C.

Definition 1.5 (Affine Sets and Transformations). A set A is affine
if for any x, y € A, the point

ax+(1-a)ye A forallreala € R.

Affine sets are automatically convex. Affine transformations have
the form

f(x) =Ax+0D,
and convex sets remain convex under affine transformations.
Definition 1.6 (Dual Spaces and Supporting Hyperplanes). A sup-

porting hyperplane to a set C ¢ R” at a boundary point x; is a
hyperplane

{x:y"(x - x) = 0}
where y € R" \ {0}, such that

y (x—xp) <0 forallxeC.
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C lies entirely in one closed half-space determined by that hyper-
plane. For a bounded convex body C containing the origin, its
dual/polar set C* is

C*={yeR":y"x<1forallxeC}.

Definition 1.7 (Convex Functions). A function f : R" — R is
convex if and only if for all x,y and « € [0, 1],

flax+(1-a)y) < af(x) + (1-a)f(y).

Equivalently, every secant line between (x, f(x)) and (y, f(y)) lies
above the function on the segment between x and y.

If f and g are convex, then f + g is convex.

If f is convex, then —f is concave.

If f is convex, then x — f(Ax + b) is convex.

If f and g are convex, then h(x) = max{f(x), g(x)} is convex.
Composition h(x) = f(g(x)) is convex if

— f is convex and non-decreasing and g is convex;

- f is convex and non-increasing and g is concave.

THEOREM 1.8 (NORMS ARE CONVEX). A norm || - || satisfies
(1) llax|| = |a| ||lx|| for all scalars a € R (homogeneity),

@) llx+yll < llx]l + llyl| (triangle inequality),

(3) llx|| = 0 and ||x|| = 0 iff x = 0 (non-negativity).

A

llax + (1= @)yl < flax]| +[I(1 - @)yl
allx[ + (1= @) lyll
=af(x)+(1-a)f(y).

Definition 1.9 (Graph, Epigraph, Hypograph). For f defined on a
domain D,

graph(f) = {(x, f(x)) : x € D},
epi(f) ={(x.y):x €D, y = f(x)},
hyp(f) ={(x.y) : x € D, y < f(x)}.

A function is convex iff its epigraph is a convex set. A function is
concave iff its hypograph is a convex set.

THEOREM 1.10 (JENSEN’s INEQUALITY). For convex f, pointsxy, ..., Xm
and weights a;j > 0 with 371, a; = 1,

flaixy + -+ amxm) < arf(x1) + -+ + amf (xm)-

Ifp(x) =0 andfsp(x) dx =1, then

f( / p(x)xdx) < [pswas

f(E[x]) <E[f(x)].

THEOREM 1.11 (LocAL MINIMA ARE GLOBAL MINIMA). If f is con-
vex over a convex set C, then any local minimum is also a global
minimum.
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PrROOF. Assume x is a local minimum. Then there exists an e-ball
around x,
Be(x) ={z: |lz—x|| < e},
such that any feasible z € B.(x) satisfies f(z) > f(x). Assume

for contradiction that there exists a feasible y with f(y) < f(x).

Because C is convex, the line segment between x and y is feasible
(1-a)x+ayeC forac[0,1].

Choose
€ €

Tyl T 2yl
and define
z=(1-0a2)x + azy.
Then z is feasible and z € B¢(x). By convexity of f and f(y) < f(x),
for any «a € [0, 1],

af (y) + (1-a)f(x) < f(x),

so f(z) < f(x). This contradicts local optimality of x on B¢(x). O

1.2 Gradients and the Geometry of Optimization

Definition 1.12 (Gradient). The gradient of a function f(x) of an
n-dimensional vector x € R" is

of [9x
Vf =
of /o
THEOREM 1.13 (FIRST-ORDER CONDITION FOR CONVEXITY). A

function f(x) is convex if and only if it lies above its first-order Taylor
series approximation.

fx) = f(xo) + Vf(x0)" (x = x0).
THEOREM 1.14 (SECOND-ORDER/HESsIAN CONDITION). A function

f(x) is convex if and only if V2 f(x) > 0 everywhere.

THEOREM 1.15 (TANGENT PLANES AS SUPPORTING HYPERPLANES).
The tangent plane may be defined by its tangent vector

= 1
T = V(x, f(x)) = .
(6. f()) [V f(x)]
A normal vector that is perpendicular to tangent vector is given by
5= [Vf(x) )

-1

For a convex function, the tangent hyperplane at any point of the
graph of f is a supporting hyperplane of its epigraph. Moreover, the
epigraph of f is the intersection of the half-spaces defined by all such
tangent hyperplanes.

2 Gradient Based Optimization
2.1 Gradient Descent

X1 =Xk — YV (x0),
where y is the step size.
o Fixed y: Fixed step schemes are simple, but may require
tuning for adequate convergence.
e Decaying y:
Yo

:m, ﬁ>0

Yk

e Line search:
Yk = arg myin fxe —yVe(x)).

e Adaptive y:

— Momentum methods: Use physical intuition to imbue
the step size with momentum, so that it is less prone to
getting stuck in saddle points and locally flat regions.

— RMSProp: Scale the step size with a moving average of
past squared gradients, regularizing the step.

- Adaptive moment estimation (ADAM): Combines mo-
mentum methods and RMSProp.

Definition 2.1 (Gradient Flow). =V f(x) is known as a gradient
flow. It is a conservative, irrotational vector field, and it is incom-
pressible if V2f = 0.

THEOREM 2.2 (CONVERGENCE OF GRADIENT DESCENT). If f is con-
vex and Lipschitz continuous with Lipschitz constant L, then gradient
descent with a step size y = 1/L will have the following convergence.

* L *
Fla) = F(x) < — lxo = x"1%
2k
A function is called pi-strongly convex if

J@) 2 f) + V) (g =) + Zlly = I

forallx,y € R™ and pp > 0. In this case,
* L k *
o) = £ <5 (1= %) llxo = 2711

2.2 Momentum Methods
2.2.1  Heavy-Ball Momentum Method.

X1 = Xk — YV (xx) + B — xp1)-
{xk+1 = Xk + Uk+1,
Oks1 = Por — yVf(xr).

2.2.2  Differential Equation Interpretation of Heavy-Ball Momentum
Method.

mi(t) = =V f(x(t)) - 6%,

where m is the mass of the particle and § is the friction coefficient.

X+1 — 2Xk + Xg—1 Xk+1 — Xk
—_— X —V X, —(S—.
A2 f (xx) A7

=  (m+0A)xpe1 = —AEVF(xx) + (m+SA)xp + m(Xg — Xp_1),
= X1 =Xk — YV () + Bk — xp-1),
where ,
At m
— . f=—
m+ At
2.2.3  Nesterov’s Accelerated Gradient (NAG) Algorithm.
X1 = X — YVl + Bk — xk-1)) + Bk — xk-1),
= x — yVf (xx + Box) + Pox,

{xk+1 = Y1 — YV (Yr1)s
Y1 = Xk + B(xx — xk-1),
where yy41 = x + Pug is the look ahead vector.



THEOREM 2.3 (CONVERGENCE OF NESTEROV'S METHOD). If f is 2.5 Quasi-Newton Methods and BFGS
convex and f is Lipschitz continuous with constant L, then 2.5.1  Approaches to Approximate A.

Flx) - f(x") < 2L 5 llxo — x*||1%. e SR1: raflk(Ak —Arq) =1, Ap =Ap_ +uo’, uv eR™
(k+1) e PSB: min ||Ax — Ax_1]|F.
If f is p-strongly convex, then o DFP: min [|W(Ak — Ac-1)W||F.
. e BFGS: min ||W (B — Bx_)W||r, B=A"1.
* ,Ll *
flxe) = f(x7) <2 (1 - \/g) (f (xo) = f(x7)). 2.5.2  Basic Derivations and Formulas to Update A and B.
2.2.4  AdaGrad and RMSProp. Ay =By =1
Xist = X — ——— Vf (1),
AdaGrad. Uk+1 + € Pk = Xk+1 = Xk
Oern = 0k + (VS ()" G = Vf (i) = VF (x0).
Y
Xkt = X — ————— V(%) ~ _ _
RMSProp. Vo1 ¥ € Secant Equation. Ap =g, Bq = p.
Vks1 = Pox + (1= B)(Vf (xx)?. 2.5.3 Rank-1 Update.
2.3 Stochastic Gradient Descent (SGD) and Adaptive (Ac +uwDp =gq,

Momentum Estimation (ADAM) 1 M
Stochastic gradient descent approximates the gradient on a subset v E (= Ap).
of the data, called a batch, instead of the entire dataset. 0 =q—Arp,

Oper = O — yVol. Apar = Ag + ——o0".
Adaptive momentum estimation combines key features of momen- L BU P
tum methods and RMSProp. v=P ke
1
m Bjy1 = Bi + — oo’
Xk+1 = X — Y % * v’q
Uk+1 €

2.54 Rank-2 Update.
M1 = Prmye + (1= f1) V(i)

2 - Avq) pT Ar,
k1 = Bovr + (1= B2) (VF(xx)) " (p — Acq) p” Ak

1
Broyden’s. Agy = A +
royden s. Ag+q k PTArq

1 T
R me R o Biv1 =B+ ——(q - Bep)p -
L S | S pTp
1_ gk-1 1_ gkt
1 2

’ T T T
2.4 Newton’s Method BEGS. Ay = (I— ;%)Ak (I— g) . 1%
Xpe1 =%k — HO 'V (), Hie = V2 f (). ap e/ TP
N _p .99 _ Bup(Bep)”
THEOREM 2.4 (CONVERGENCE AND SCALING). If f is twice continu- Bjy1 =B + 54— — By
ously differentiable, V2 f is Lipschitz continuous near the minimizer x*, p P Bkp
and V2 f(x*) is positive definite, then the error € = x; — x* satisfies
1 T Ag TAk
ekl < 3 el DFP. Ay = g + 20 - “EEE,
Use the Wolfe conditions for the line search, which moves in the Buw =1 ﬂ B 1 jiT . E
new gradient direction d until V4 f < 7, where 7 is a threshold that k1 q'p q'p q’p’

indicates when a sufficiently flat region has been found.
2.5.5 Inverse Formulas for Rank-1 Matrix Updates.

(1) We take steps of size Ax and size 2Ax until we find a valid
point where either (i) f > f; or (ii) V£, > 0. If these condi- ] _— o, ATluwTAT
tions are not met, then we double the step size and repeat. Sherman Morrison formula. (A +u0")™ =A™ - 1+0TA 0

(2) Once a region containing a minimum has been identified,
we zoom in to the minimum with a bisection method. Us-
ing spline interpolation if there are multiple points in the
bisection search.

2.5.6 Inverse Formulas for Rank-k Matrix Updates.

-1
Woodbury matrix identities. (A+Uo") 1 =A"1-A"lU (I + UTA_IU) oTA™Y,



2.6 Gradient Vector Calculus Identities
C1

V(cTx) =V(xTe) = || =c.

air 4z v Qin

9
a_xz(aljxj)
a1 Q2 - Qn

a%l(aljxj) x
3 (G2j%)) | =

el
V(Ax) = |7 (%2i%)
Aani an2 e Ann
V(xTAx) - (A + AT) x.

3 Linear Programming
3.1 Polytopes and High Dimensional Geometry

min ch,
X

Subject to Ax < b,

x > 0.

min ch,
X
Subject to Ax +s =,
x,§ 20,

where ¢ € R" is the vector of linear weights for the objective func-
tion, and A € R™*" and b € R™ define the constraint equations.

e Vertices are always connected by one-dimensional edges.

o The intersection of 2 edges is a vertex.

¢ In n-dimensions, a single inequality constraint defines a half-
space bounded by an n — 1-dimensional surface.

o The intersection of n + 1 inequality constraints will bound a
polytope in n-dimensions.

¢ In n-dimensions, the vertices of a polytope are given by the
exact equality of n inequality constraints.

3.2 Dantzig’s Simplex Method
Dantzig’s simplex method relies on two major properties.

o A local extremum will occur on a vertex, assuming that the
feasible set is a bounded polytope.

o The local extremum is a global extremum because linear pro-
grams are convex optimization problems.

The process of going from vertex to vertex is called pivoting. The
most commonly used pivoting technique is Dantzig’s pivot rule.

(1) Choose an active constraint to relax (loosen).
Pick the direction where the objective function increases the
most, and if this variable is currently tight, then loosen it. The
direction of fastest increase of the objective function is given
by the gradient Vf.

(2) Choose an inactive constraint to tighten.
Once we select a tight variable to loosen, we must choose
another loose variable to tighten. This defines the next vertex
that we walk to. Generally, we pick among the slack vari-
ables, finding the inequality that will be violated first when
increasing the newly loosened variable.

(3) Recenter the problem at the new vertex (pivot update).
Recenter by taking the inequality that will be violated first
and swapping the position of the loosened and tightened
variables.

3.3 Simplex Tableau Method

(1) Tight Variable to Loosen (column): Pick the variable with the
most negative coefficient (in a maximization problem) in the
objective row.

(2) Loose Variable to Tighten (row): The minimum ratio test: pick
the row with the smallest ratio RHS/ (pivot coefficient).

(3) Row Reduction about Pivot: Perform row operations so that
the pivot entry becomes 1, and all other entries in that pivot
column become 0.

There are some exceptions and edge cases that require attention.

(1) Unbounded Problems. If during the minimum ratio test all
pivot coefficients are less than zero, or no feasible pivot is
found, the objective can increase indefinitely, indicating an
unbounded linear program.

(2) Degeneracy. Sometimes multiple constraints become active
at once, or the ratio test yields a tie. This can cause cycling,
where we pivot among the same vertices. Solvers use anti-
cycling rules, like Bland’s rule, to break these ties.

(3) Phase I and Artificial Variables. We begin by adding artificial
variables to each constraint that lacks a straightforward slack
variable. Phase I involves solving an auxiliary LP where the
objective is to minimize the sum of all artificial variables,
subject to the same constraints. If the Phase I optimum is
zero, a feasible solution to the original problem exists, and
the artificial variables can be made inactive. If the minimum
is greater than zero, then no feasible solution exists.

3.4 Duality in Linear Programming
Generally, for the primal LP
max ¢ x,
subjectto x>0,
Ax <),
the dual is given by
min by,
subjectto y >0,
ATy >c.
o Weak duality: For any feasible primal x and any feasible
dual y, we have
c'x<by.
o Strong duality: Under mild conditions, such as the existence
of an optimal basic feasible solution in the primal, the maxi-

mum primal objective and minimum dual objective coincide
at optimality.

Least-Squares Regression
4.1 Least-Squares Regression

Ax =b, b =byye +e€.



|Ax = b]|? = (Ax — b)T (Ax — b) = xTATAx — xTATb — bT Ax + bTb.

V||Ax = b||2 = 2ATAx — ATb - ATb =0
= ATAx = ATb = x = (ATA) 1A,

The matrix A" = (ATA)~'AT is known as the Moore-Penrose
pseudo-inverse. However, this is only valid when (AT A) is invertible.
The matrix ATA is invertible when A has n linearly independent
columns and m > n. Thus, this formula is only applicable for the
over-determined case. Given the SVD of a real matrix A,

A=UsVT,
then the Moore-Penrose pseudo-inverse may be written as
AT2vylUT = x=VsT'UTh.

Least-squares regression is sensitive to large outliers in the data. To
address the robustness of least squares to outliers, it may be possible
to instead minimize the sum of absolute values of the errors,

llAx = b[1,

known as the least absolute deviation (LAD) regression. Least-
squares regression is an estimator for the mean of a distribution,
while least-absolute-deviation regression estimates the median.

The solution space to a linear system is determined by the fol-
lowing four fundamental subspaces of A:

e The column space, col(A), also known as the range.

e The orthogonal complement to col(A) is ker(AT).

e The row space, row(A). row(A) = col(AT).

e The kernel space, ker(A), is the orthogonal complement to
row(A), and is also known as the null space.

If b € col(A) and if dim(ker(A)) # 0, then there are infinitely many
solutions x. If b ¢ col(A), then there are no solutions, and the system
of equations is called inconsistent.

col(A) @ ker(AT) =R",
col(AT) @ ker(A) =R".

In the over-determined case when no solution exists, we would
often like to find the solution x that minimizes the sum-squared
error ||Ax — b||§, the so-called least-squares solution. In the under-
determined case when infinitely many solutions exist, we may like
to find the solution x with minimum norm ||x||, so that Ax = b, the
so-called minimum-norm solution.

4.2 Singular Value Decomposition
A=UzvT.

where U € R™™ and V € R™ " are unitary matrices with orthonor-
mal columns, and 3 € R™*" is a matrix with real, non-negative
entries on the diagonal and zeros off the diagonal. The columns of U
are called left singular vectors of A and the columns of V are right
singular vectors. The diagonal elements of ¥ are called singular
values and they are ordered from largest to smallest

oy >2032>:-20,20.

The above can easily be generalized for complex valued matrices
A € C™"_in which case we use the complex conjugate transpose
* instead of the real transpose 7. When m > n, the matrix % has

at most n non-zero elements on the diagonal. If there are linearly
dependent columns of A, then there will be even less non-zero
singular values.

5 —

A=UsvT=|U U] [O]VT =3V,

The rank of A is equal to the number of non-zero singular values.
The SVD can also be used to obtain an optimal rank-r approximation
of A=UZX VT, where the rank r < n is chosen to retain the largest
singular values. In this case, the matrices U and V contain the first
r columns of U and V and 3 contains the first r x r block of 3.

o The column space of A is the same as the column space of U.

o The orthogonal complement to the column space of A is given
by the column space of U,.

o The row space of A is spanned by the columns of V.

o The kernel space of A is given by col(V)).
AT2VEUT = ATA=VVT
ATAx" =ATp = X" =VI U

THEOREM 4.1 (ECKART-YOUNG). Optimal rank-r approximation to
X, in a least-squares sense, is given by the rank-r SVD truncation X.

arg min IX-X|lp=USV".

rank(X)=r

m m
X-X= Z orwol, X -X|% = Z o2 X=Xl = 0r1.

k=r+1 k=r+1

4.3  Minimum Norm Regression

. 2
min ||x]|3
X

st. Ax =b.

L(x,A) =xTx + AT (Ax - b).
1
Vil=2x+ATA=0 = Ax= —EAATA,

ViL=Ax-b=0 = A=-2(AAT)7'p,

1
x = —EATA = AT(AAT) b
This is the Moore—Penrose right pseudo-inverse.

4.4  Condition Number and Regularization
4.4.1 Condition Number.

K(A) = ‘;‘“f”‘((j;.

llex]| _ Omax |l€pll
llx[l  omin (|5l

A(x+ex) =b+ep,



4.4.2 Ridge Regression. Tikhonov regularization, also known as
ridge regression, addresses the poor condition number of the least-
squares regression when the columns of A are very nearly parallel
and the condition number of the pseudo-inverse is large. Any noise
on b will be amplified by this ill-conditioned pseudo-inverse. This
has the effect of some entries of x being large and opposite, leading to
high variance in the resulting solution. The solution is to regularize
the least-squares problem with an additional loss term ||x||§

x = argmin ||Ax" - b||Z + a||x’||3
x/
where « is a hyper-parameter that weights this regularizing term.

-1
x = (ATA + aI) ATb.

ATA+aD)™ = (vsVT 4+ al)™' = (V(E2 +al)VT) ™

This leads to a fundamental property in many regularized optimiza-
tion problems: the bias-variance tradeoff.

4.4.3 Sparse Regression. The least absolute shrinkage and selection
operator (LASSO) is an #; penalized regression technique that bal-
ances model complexity with descriptive capability. Least-squares
regression will tend to result in a vector x that has nonzero coeffi-
cients for all entries, indicating that all columns of A must be used
to predict b. However, we often believe that the statistical model
should be simpler, indicating that x may be sparse.

x =argmin [[Ax’ ~ bl + Al

A regression model is more interpretable if it has fewer terms that
bear on the outcome, motivating yet another perspective on sparsity.
The elastic net combines the ridge and LASSO regularization terms

. 2 2
x = argmin lAx" = bll5 + Allx|ly + ellx]l5

4.5 Quadratic Programming

1
min —x’ Qx + I'x
x 2

Subject to Ax < b

where Q is a symmetric matrix. If Q is positive semi-definite, then
this quadratic program is convex and any local minimum is a global
minimum. For quadratic programming with active constraints the
optimum value can occur on an edge, a face, or a vertex. There are
several approaches to solve quadratic programs.

o Active set methods: Guess which constraints are active and
then solve a smaller problem with only active constraints.

o Interior point methods (IPM): Scale well to large systems
when we have active linear constraints like Ax < b.

e Sequential quadratic programming (SQP): Good for medium-

scale systems with possibly nonlinear constraints.

4.6 Nonlinear Least-Squares: Gauss—Newton Methods

D=2 3 - NG0l = 5 D 5O =5 IO
= =

3_f1 8_f1 VfT

m (39% (3992 VlT
VoL =) (OVHO) =T J=|aw @ | =|"
J=1 : : . .

m
H=V3L=J"]+ )" £(0)V*£(0).
j=1
Because f;(0) are the residual errors, assume that these are small,
and approximate the Hessian just using the first-order terms.
H=~]JTJ.
Therefore, the full Gauss—Newton iteration is

Ors1 = Ok + s¢,

T Tk sk = =T f(0r).

Gauss—Newton methods are efficient for well-conditioned prob-
lems, but have known failure modes when the Hessian approxima-
tion is ill-conditioned. The Levenberg-Marquardt (LM) algorithm
combines Gauss—-Newton with gradient descent to improve robust-
ness for poorly conditioned or ill-posed problems. LM also helps
when the initial guess is far from the solution and residuals are large,
making the Hessian approximation in Gauss—Newton inaccurate.

(777 +ar)no =-1'F.

The damping parameter « blends between Gauss—Newton (a = 0)
and gradient descent (¢ — o0). When the initial guess is far from
the solution, a large « is used, and the gradient-descent behavior sta-
bilizes the updates. As the iteration approaches the optimal solution,
LM automatically shifts to the faster Gauss—Newton method.

_ ALactual
ALpredicted
ALactual = L(6k) = L(Ok+1),
Myreseea = =T )T A0 = 2007 (17 + a1) 0.
The parameter « is initialized with a small positive value (e.g., 1073).

e If p > 0.75, reduce « (the model is trustworthy).
e If p < 0.25, increase « (the model is unreliable).

a = max(av, €||A0]]),

where € > 0 ensures sufficient regularization.

4.7 The Conjugate Gradient Method

The conjugate gradient (CG) method is an iterative algorithm for
solving large, sparse systems of linear equations

Ax =D,

where A € R™" is symmetric positive definite (SPD), x € R" is the
unknown vector, and b € R” is the right-hand side.

plTApJZO Vl?&], x:Za]p]
J

Ax = ZOC_,’APJ* =b = Z%’P;{Apj Z“kPJZAPk :Plfb
Jj j

pib
PpADK

X1 = Xk + QpPre = Xg + Pk-



Po="To :b—AxO.

k=1 T
ijrk

rk=b—Axi, pr=ri- ) T —
JZ:;‘ P} Ap;

At each iteration, CG works within the k-dim Krylov subspace
Ki = span{ro,Aro,Aer, .. ,Ak_lro},

where rq = b — Ax is the initial residual.
A typical convergence estimate is

pj-

For poorly conditioned systems (large x(A)), convergence slows,
and preconditioning is commonly used

M 'Ax =M""b,
where M approximates A while being easy to invert.
The Generalized Minimal Residual method (GMRES) applies to any
square matrix and directly minimizes the two-norm of the residual
[|7|l2 by building an orthonormal basis for the Krylov space. GMRES
typically has higher cost per iteration and its storage requirements
grow with each iteration, but it is often more robust and can be a
good alternative to direct methods when they are too expensive.
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