Numerical Analysis

DIWEN XU, University of Washington, USA

These notes are primarily based on the textbook by Gautschi [1].

1 Approximation and Interpolation
1.1 Least Squares Approximation

Definition 1.1 (Approximation in Linear Spaces). Approximate a
function f by simpler functions in a linear space ®. Find ¢ € @ s.t.

If -l <Ilf —ell forallpeo,

where || - || denotes a chosen norm. The function ¢ is called the best
approximation to f in .

Definition 1.2 (Approximation Space). Given n basis functions
{Hj};‘=1 C @, define

=9, = {(p co(t) = chl'lj(t), cj € R},

Jj=1
which is a linear space of dimension n.

Definition 1.3 (Norms and Measures). Let w(t) > 0 be a weight
function.

b 1/p N
il = [ P de) or (Zwl—|u<t,->|f’)
a i=1

To unify notation, introduce a measure dA and define

b N
/Ru(t)dm):/a u(t)w(t)dt or ;wiu(ti).

Definition 1.4 (Least Squares Approximation). Choose L%(dA) norm

1/2
lulloan = ( /IR |u<t)|2dz(t>) .

Definition 1.5 (Inner Product). Define the inner product

(u,0) ='/Ru(t)v(t) dA(t).

1/p

||u||§d)L =(u,u), (u,0) =0 means u and v are orthogonal.

Definition 1.6 (Normal Equations). The least squares objective is

n

2
&(c) :/R(chnj(t)—f(t)) dA(t).

=1
08 / -
—=0= c;I1;

n
= Z(Hi,nj)CjZ(Hi,f), i=1,...,n
7=

HidAZ‘/Hifd/L i=1,...,n,

Ac=b, A=(aij)nxn aij = {,105), b= (I f).
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The matrix A is symmetric and positive definite, hence nonsingu-
lar. Therefore, the normal equations admit a unique solution. The
Hessian of & is given by

O°E
3ci3c j
which is positive definite. Therefore,

E(E+0) > E(0),

(V2E);j =

=2(m;, mj) = 24,

for all vectors c. The residual 7 = Y7, ¢;I1;(¢) — f(#) is orthogonal
toIl;, i =1,..,n.If {m;} is chosen to be orthogonal, i.e.

(mi,mj) =0 (i #)),
then A is diagonal and

T,
¢ = (; f), j=1,...,n
(7l'j, 77,'j)
1.2 Polynomial Interpolation
Definition 1.7 (Vandermonde matrix). Given distinct nodes {xo, ..., x,}

and data {f, ..., f,}, seek a polynomial
p(x) =co+cix+-- +cpx"
such that
p(xi))=fi, i=0,...,n
This leads to the linear system
2

1 x x5 -+ x5\ /[co
1 x xf x| e
1 x, x2 - x\e,

The coefficient matrix is Vandermonde matrix, whose determinant is
det(A) = l_[ (xj = xi).
0<i<j<n
If all x; are distinct, then det(A) # 0, and the interpolation problem

has a unique solution.

Definition 1.8 (Lagrange Interpolation Formula). Given distinct
nodes xg, x1, . . ., X, and data values

fi=f(xa),

the Lagrange interpolation polynomial is

i=0,1,...,n

n

p(x) = ) fiti(),

i=0

where the Lagrange basis polynomials are defined by

L ox = x; 1, k=i
6 =[[—5 aw=1" .
=0 Xi TXj 0, 1.

J#i

plxe) = ) fils(xi) = fio
i=0
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so p interpolates f at all nodes. We denote the interpolant by

Pn(f;xo, cees

THEOREM 1.9 (INTERPOLATION ERROR). The interpolation error is

( ! )(gx) 1_[( _xl

(n+1)!

Xp;x) or simply p,(f;x).

=f(X)—Pn(f;X)—

en(x)

where & lies in the interior of the smallest closed interval containing
X0, - .., Xp and x.

Proor. For x = x;, the formula is true. For fixed x # x;, define

F@) = £~ patfin) - L 1(1')1 bl ﬂ(t - x).

Then F € C*"1[q, b] and
F(x;) =0, i=0,...,n, F(x)=0.

Hence F has n + 2 distinct zeros in [a, b]. By repeated application
of Rolle’s Theorem, there exists & € (a, b) such that

F (g =o.

TuEOREM 1.10 (UNIFORM ERROR BOUND).

£ oo {7
- o S —m— X — Xj
If = pnlle < 2y (L]0
Let
xi=xo+ih, i=0,1,...,n

2
I =Pl < 1N

- h_3 (3)
If = pe(lls £ T2l e

If the interpolation points x; are equally spaced, then

n

H(X—xi)

i=0
can become very large near the boundary, leading to poor interpolation
behavior when n is large (Runge phenomenon).

Definition 1.11 (Convergence of Interpolation). Let {xé"), . ,x,(ln)} c

[a, b]. We say that Lagrange interpolation converges uniformly if

pn(x) — f(x) uniformly on [a, b].

If (x) = pu(x)] < (b-a)™,

M, = (n+1) (.
( 1), w1 = max [ (0]

Definition 1.12 (Chebyshev Polynomials of the First Kind). The
Chebyshev polynomial of the first kind T,, is defined by

T,(x) = cos(nb), x=cosf, xe[-11].
Thr1(x) = 2xT(x) = Tp1(x),
with
To(x) =1, Ti(x) =x.

Chebyshev polynomials satisfy the orthogonality relation

0, i#J,
1T, T;
TOLW |,
-1 V1-—x2 .
= i=j#0
2 t=J
The zeros of T, satisfy
2k -1
cos(nd) =0 = n0:( 5 )]T, k=1,...,n

Hence the zeros are

2k -1
x,i") :cos(u), k=1,...,n.
2n

The monic Chebyshev polynomial T, satisfies

n
Tu(x) = zan(x) l_l(x—xlin)), To=Th =1

k=1

T, oscillates between —1 and 1 on [—1, 1] with n + 1 extreme points
k
yl(cn) = COS (77[), Tn(y](cn)) :(—l)k’ k=0,...,n.

THEOREM 1.13 (MINIMAX PROPERTY). Among all monic polyno-
mials of degree n, the monic Chebyshev polynomial minimizes the
maximum norm on [—1,1]

xen[lalx i T (x)| = o1

Proor. Suppose there exists a monic polynomial p, such that

p < .
nax |pn(x)] o

Define g(x) = T,,(x)
most n — 1. At the n + 1 extrema yl(cn)

— pn(x), which is a polynomial of degree at

, we have alternating signs
a(y") >0, qy") <o,

so q(x) changes sign n times on [—1, 1], which is impossible for a

polynomial of degree < n — 1. O

THEOREM 1.14 (CHEBYSHEV INTERPOLATION ERROR). Let p, be the
interpolant of f at the n + 1 Chebyshev nodes

(n+1) _ (2k + 1)7'[ _
X =cos| ———|, =0,...,n.
k 2(n+1)
Then,
£ oo {[1 (n+1) If )]l 1
= pulleo < —— - === —
f = pal (n+ 1) g(x %) (n+1)! 27

For interpolation on [a, b], the Chebyshev nodes are mapped via

b-a a+b
32']5”-'—1) — x]in+1) + )
2 2
Definition 1.15 (Interpolation Operator). Define

Lf = Pa(f3x) = ), f(x1) ().
i=0

For any p € P,, we have I,p = p.



Definition 1.16 (Lebesgue Constant). Operator norm of I, satisfies

£l -
LI = sup —=—— = max |6:(x)] = Ap.
o= sup T = L 216 "
For Chebyshev points,
Ap =O(logn).

For many other interpolation nodes, A, grows exponentially.

If = Infllo = lf =p = In(f = Pl
SNf = pllo + 1 (f = Pl
<A+ LD IS =Pl

Then,
<

If = Inflloo < (1 + An) En(f),

where
En(f) := min ||f - plle.
PEPn

If f € C'[-1,1], then
1
mm=4ﬂ,
and therefore
1
|v—uﬂu=o(ﬁﬂ)—ﬁo as 1 — oo,
n

Definition 1.17 (Barycentric Formula). Define

n
(n) 1
wp(x) =] |(x—x;), A 1= —=——"7——.
" I;! ! ! 172 (xi = x;)
i
Then,
A
6(x) = —— wy(x).
X — X
Since ), £;(x) = 1, we obtain
n (n)
i
; Xx—x f(xl)
Pu(f;x) = — O # X,
1
o X T X
Initialize
N =1
Fork =1,...,n, define
26 |
(k) . k
/11. =%, l=0,..4,k—1, Ali)zk—l—
Xi = Xk l_[j: (xx _xj)

The full set {/15") }", can be computed in O(n?) time. Adding one

more node costs O(n), and evaluating P, (x) at a point costs O(n).

Definition 1.18 (Divided Differences). Given distinct points xo, x7, . .
define

[xilf = f(x),
and recursively for i < j,
[xi+1,-.-,x']f— [xi,u-,x'—ﬂf
[xi, ..., x51f = ]xj—xi / .

s Xn,

THEOREM 1.19 (NEWTON INTERPOLATION POLYNOMIAL). Let xy, . .
be distinct. The interpolation polynomial of degree at most n is

n

pn(x) = D [%o,..

i=0

i-1
,xi]f]_l(x - Xj),
j=0
where the empty product (fori = 0) is defined as 1.

Proor. By induction. For i = 0, we have

ao = f(x0) = [xo]f-
Assume

a; = [xo,...,xi]f.
Then,

i

pir1(x) = Z[xo, .-

Jj=0

j-1 i
[ ] =20 + g [ or = x0)
k=0 k=0

i+1

[ ]G0
k=1

i+1 J
= Z[xl, oo Xjalf l_[(x — Xk) + Qis1
Jj=1 k=1

Take i-th derivative, so

Xl f = [Fo,..

Xi+1 — Xo

~,xi]f

[x1, .

Aiy1 = = [x0,~-~,xi+1]f-

THEOREM 1.20 (INTERPOLATION ERROR FORMULA). Letxy, ...
[a, b] be distinct and f € C"[a, b]. Then,

™)
n!

»Xn €

Lxplf = , &e(ab).

[Xo, ..

If all nodes coalesce, i.e. x1, . .., X, — Xo, then

(n) nooo(i) )
[x0,....x0]f = J# pn(x) = ZO: j#(x — X)L

Definition 1.21 (Hermite Interpolation Problem). Given k+1 distinct

points xy, . . ., X, and integers m; > 0, find p,, such that
() (4.} = £FO) (5. - . k
pr(xi))=fYV(x), j=0,....my i=0,... k.
The total number of conditions is
k n i-1
ne1= (mi+1), pa(x) = Y [xo,...xlf [ [(x=x))
i=0 i=0 Jj=0

Definition 1.22 (Generalized Divided Differences). Define

X f =[x xalf

xj—x,-

[xis1, -

» Xi F X,
[xl‘, .. .,x]‘]f = f(-l_l) (xi)

_—, Xi = Xj.
(j =) Y

., Xn



1.3 Approximation and Interpolation by Spline Functions
Definition 1.23 (Partition and Spline Spaces). Let

A={a=x; <x3<---<xp,=b}
be a partition of [a, b]. Define
sk (A) = {s € C¥[a, b] ‘ Slixprues] € P i =1, n—1}.

P, denotes polynomials of degree < m, k controls smoothness
across subintervals.

Definition 1.24 (Piecewise Linear Interpolation). Find s € S‘f(A) s.t.

s(x)=fi=f(x), i=1...,n
On each interval [x;, x;11], the interpolant is

firt f

Xi+1 i

If f € C*[a, b], then for x € [x;, xi41],
7@ "(§)

—(x—xi), X <xZ<Xit1

si(fsx) = f"’

f) =s1(f5x) ===

Thus,

(x = x)(x = xi41), & € (xi,Xix1).

maxee(ap) [f" (O (xi1 = x1)?
2 4

If(x) =s1(f5x)] <

Each subinterval contributes 2 degrees of freedom. Total 2(n — 1)
parameters. (n — 2) continuity constraints at interior nodes. Hence,

dimS?(A) =2(n-1)-(n-2)=n.

Definition 1.25 (Hat Function Basis). Let {B;(x)}]_, be the hat

functions satisfying

1, i=j,
Bilx)) = {o i

Then the interpolant can be written as
n
s(x) = ) Fxi)Bi(x).
i=1
Definition 1.26 (Cubic Splines). Consider the space
S3(A),
the space of cubic splines. At each interior node x; (i =2,...,n— 1),

pio1(xi) = pi(xi),  pily(xi) = pi (x:).

Unknowns: 4(n — 1). Interpolation: 2(n — 1). C? continuity: 2(n — 2).

So we still need two additional boundary conditions.

e Complete spline. p{(a) = f'(a), p,_,(b) = f'(b).

e Natural spline. p;’(a) =0, p;_,(b) =0.

e Not-a-knot spline. p;(x) = p2(x), pn-2(x) = pn—1(x).
For the complete spline,

If =s3(f5 Moo < ﬁllf“)lloo K.

2 Numerical Differentiation and Integration
2.1 Numerical Differentiation
Definition 2.1 (Interpolation Framework).

(n+1)
F) = pulfix) + LD ]‘[(

(!
for some £(x) in the convex hull of {xy, ..., x,}.
f(EX) T
£ = pi(fi + o ey Gl
(n+1) X,
) =i + LD ﬂ( %0 x),

where the second term is the truncation error.
THEOREM 2.2 (EFFECT OF No1sy DATA). Assume data are perturbed
flro+h) =f(xo+h) +e, f(xo—h)=f(xo—h)+e
with
lexl, le2] < e

Then the computed derivative satisfies

. f h) — f(xo —h ©)
iy = LD = fCa =) [0,
2h 6
Hence,
oy TG0t —flo-h)| e M,
_ < — 42
/7 (x0) oh STt ke,
where
Ms = ) (x)].
3= |f+ ()]
Balancing truncation and roundoff errors
%hz ~ & o R
6 h

2.2 Numerical Integration

Definition 2.3 (Interpolation Approach). Let p,(f;x) be the inter-
polating polynomial of degree n at nodes xy, x1, . . ., x,. Then

b b (n+1)
[ rax= [ pigmacs [TLED) ﬂ( - ) dx.

b n b
/ f(x)dx = Zf(xz)/ £;(x) dx +error,
“ i=0 a

a;
where the weights a; depend only on the nodes x;, not on f.

THEOREM 2.4 (MEAN VALUE THEOREM FOR INTEGRALS). If f €
Cla,b) and g is integrable and does not change sign on [a, b], then

b b
/ f(x)g(X)dx=f(C)/ g(x)dx, ce€(ab).

Definition 2.5 (Newton—Cotes Formulas). Using equi-spaced points
leads to the Newton—Cotes formulas. However, for n > 8, these
formulas become unstable.



Definition 2.6 (Composite Quadrature Rules). Partition [a, b] into
n subintervals

b-a

n

a=xy<x1<--<x,=b, xi=a+ih, h=

Composite Trapezoidal Rule.

b
/ f(x)dx = g(ﬁ)+2ﬁ+..‘+2fn,1+fn

Composite Midpoint Rule.

/f(x)dx‘ (fira + foyz -+ faaje) +

Composite Simpson’s Rule.

b n-1
/ fx)dx = Z
a i=0

Definition 2.7 (Spectral Accuracy). Both the composite trapezoidal
and midpoint rule exhibit spectral accuracy for periodic functions

fec perlodlc [a,b] = En(f) =0(h™).

Definition 2.8 (Gaussian Quadrature Rules). Consider numerical
approximation of integrals of the form

b
/ ) w(x) dx,

where w(x) > 0 is a given weight function and the interval [a, b]
may be finite or infinite. Seek a quadrature rule of the form

)— f"(f) T 22 (b—a)h?, &€ (ab).

f" (E) (b—a)h®.

(4)
L (e G Geen) L2 gy,

b n
[ reweds =Y afe) + B

i=0
where xy, . . ., x,, are the nodes, ay, . . .,
is the error term.

ay are the weights, and E, (f)

Definition 2.9 (Degree of Exactness). The degree of exactness (or
precision) of the quadrature rule is the largest integer d such that

E.(p) =0 forallp € P,.
If the quadrature rule satisfies

E.(p) =0 forallp e Py,
then we call the rule interpolatory.

Definition 2.10 (Interpolatory Quadrature). Let £;(x) be the La-
grange basis polynomials associated with the nodes xy, . . ., x,. Then,

b n b
[ reomwtan = s [ atowe dx+ B
a =0 a
Thus,
b
a; =/ £ (x)w(x) dx.

If f € P,, then f"*1) = 0, hence E,(f) = 0. Therefore, interpolatory
quadrature has degree of exactness at least n. The maximum possible
degree of exactness is

d+1(#ofeqs) < (n+1)+ (n+1) (# of unknown) = d <2n+1.

THEOREM 2.11. Given an integer k with 0 < k < n+ 1, the quadra-
ture rule has degree of exactness d = n + k if and only iff

(1) The rule is interpolatory (exact for Py,).

(2) Forallp € Pr_q,

/b (ﬁ(x - xi))p(x)w(x) dx =0.
a i=0

Proor. (=) Assume d = n + k. Then d > n, so the rule is inter-
polatory. Let p € Pi_;. Then

n

[ Jx=x0p(x) € P

i=0
By exactness,

n

b n n
/ l—[(x—xi)p(x)w(x) dx = Zaj l_[(xj - x;)p(xj) =0.
a = =0 i=0

(&) Let p € P4k Then we can write
n
p(x) = q(x) [ [x—x) +r(x),
i=0

where q € Px_; and r € P,,. Thus,

b b n b
/ p)w(x)dx = / q(x) n(x—xi)w(x) dx+/ r(x)w(x)dx
a a i=0 a

= Z air(xi) = Z air(xi) + Z g(xi) ]‘[(xl x)) = Z aip(x;).
i=0 i

i=0
|

Definition 2.12 (Gauss Quadrature). If k = n + 1, then the degree
of exactness is d = 2n + 1, which is the best possible. Such a rule is
called Gaussian quadrature. For a general interval [a, b], define

b-a a+b
X+
2 2

b 1 (b—ga a+b\b-a n
/ﬂf(t)dt:[lf( Xt ) ; dxz;bjf(tj),

where

t =

, x€e[-11].

b—a a+b b-a

1
. / f(x)dx = roots of Legendre polynomials
-1
. / f(x)e™*dx = roots of Laguerre polynomials
0

. / f (x)e*’(2 dx = roots of Hermite polynomials

010
f(x) .
————dx = roots of Chebyshev polynomials
-1 V1-x?

THEOREM 2.13 (PosiTiviTY OF WEIGHTS). All quadrature weights
a; > 0.
Since £;(x)? € Py,

n

b
0< / £ (x)2w(x) dx = Z ajt’i(xj)2 =a;.

Jj=0



THEOREM 2.14 (QUADRATURE ERROR FORMULA). Define the quad-

rature error
n

b
B = [ femw@ - Y afn.

i=0

Let Hyp41(x) be the Hermite interpolating polynomial satisfying
Hyns1(xi) = f(xi), Hppyy(xi) = f'(xi), i=0,....n
Then ,
E.(f) = / (f(x) — Hopyq (x))w(x) dx.
Using the Hermite inter;olation error formula,

F06) = By () = Lo B [o-

(2n +2)!
we obtain
b p(2n+2) n
f (£(x)) 2
E.(f) = ‘/a w ll;)[(x - x;)“w(x) dx.

By the mean value theorem, there exists £ € (a, b) such that

(2n+2) b on
e | LR R L
a  j=0

(2n +2)!

Definition 2.15 (Gauss—Lobatto and Gauss—Radau Quadrature). To
include both endpoints a and b, choose interior nodes xi, . . ., x,—1
such that

pn-1
/l_l(x—xi)p(x)(x—a)(x—b)w(x)dxzo, Vp € Py

This leads to choosing x, ..., x,—; as the roots of the orthogonal
polynomial 7,1 (x) with respect to the modified weight
(x—a)(b-x)w(x) >0 on[ab].

Including both endpoints gives Gauss—-Lobatto quadrature.
Including exactly one endpoint gives Gauss—Radau quadrature.

Definition 2.16 (Richardson Extrapolation Methods). Suppose an
approximation A(h) satisfies
A" = A(h) + CH* + o(HF),

where A* is the exact value. Evaluating the approximation at h/t,
h h\* h
A :A(?) +c(?) +o(hF), t*A* :tkA(?) +Ch* + o(h").

) tkA(g) — A(h)

A* = +o(HF).

tk _

Definition 2.17 (Romberg Integration). Romberg integration ap-
plies Richardson extrapolation recursively to the composite trape-
zoidal rule, producing a sequence of increasingly accurate approxi-
mations by systematically eliminating lower-order error terms.

Definition 2.18 (Adaptive Algorithm). Evaluate R(h), R(h/2), es-
timate E(h/2).If |E| < tol, accept Q = R(h/2). Otherwise, split the
interval

01 —fuc( “*b, t?"l) 0, =fuc(“—;b,b, %"1)
Set Q=01+ Qs

3 Nonlinear Equations
3.1 lIteration, Convergence, and Efficiency

Definition 3.1 (Linear Convergence). A sequence {x,} converges
to a (at least) linearly if

|xn — @] < &n,

where {¢,} is a positive sequence satisfying

lim fnt1 =C,

n—eo &,

0<C<1.

If C = 1, the convergence is called sublinear.

Definition 3.2 (Convergence of Order p). We say {x,} converges
to a with (at least) order p > 1 if

En+1

|%n —a] <&, lim =C, C>0.

n—oo
gn

Definition 3.3 (Stopping Rules). Typical stopping criteria include
|xn - xn—l| < &g, |xn - xn—l| < €r|xn|a |f(xn)| < é‘f~

3.2 The Methods of Bisection and Sturm Sequences

THEOREM 3.4 (INTERMEDIATE VALUE THEOREM). Let f € C[a, b].
If a value u lies between f(a) and f(b), then there exists ¢ € (a,b) s.t.

flo=u.
Definition 3.5 (The Methods of Bisection). Assume f € C[a, b] and
f(a)f(b) <o.
(1) Setx; = #.
(2) Evaluate f(xq).

(3) Check the sign of f(a)f(x;).
(4) Replace either a or b by x; to form a smaller interval.

After n iterations,

b-a
|xp —a| < o
Moreover,
En+1 1
" =2 foralln,
En 2

so the bisection method has linear convergence.

3.3 Newton’s Method
Definition 3.6 (Newton’s Method).
f(xn)
17 (xn) '
Let a be a simple root of f. Then

f (%) = () ) (- gy Ll

Xn+1 — O = (xn - (Z) (l - ( 3 [xn:xn]f .

Xn = @) f*(xn)

Xn+1 = Xn — n=0,12...

Therefore,

Xn+1 — O [xna Xns OC]f

(0 — @)? N [xn Xl f
_[f"(@)
2@
Thus, Newton’s method converges quadratically. Newton’s method
is locally convergent, i.e., one must start sufficiently close to the
desired root in order to achieve quadratic convergence.

. Xny1 — Q@
lim

n—oo

(xn — @)?



3.4 Secant Method
Definition 3.7 (Secant Method) The secant method is given by

X — B
f—(xn) 7o 1)f( Xn), n=12,...

Xn+1 = Xn —

It requires two starting values xo, x; with xy # x;. Assume x, — @,

where « is a root of f, i.e. f((x) =0.

Xp — f(xn)
Xpr1— A =Xp— 00— ———f (% n— 0 — ——————.
" T~ Ty ) =5
[xn, (Z]f ) [xn—ls Xn, (Z]f
=(p-—a)|1-————= | =0 —a)(xp-1 — o) ——————.
= (1= 200 ) = o -0 - 2
Taking limits as n — oo,
lim Xnt1 = O 0,
n—o| X, —
so the convergence is faster than linear. Define
&n = |xn — al.
Then for n large,
[xn-1.xn,alf| | f"(2)/2
= C ~1s C = > 0.
€n+1 Enén-1 Dorss Xnlf ‘ ()

Let E,, = Ce¢p,, then
E,1 =E.E,1 = lOg Eni1 = log E, + lOg E,_1
+15

1+ V5
tz—t—lz() = tl’ZZT\/_ = 10gEn~_(T)n

en~Cle _(H()n = lim 1 =CI+T\B_1
n—o0 1+\f
(€n) 2
Hence the order of convergence is
1+ V5
= 2\/_ ~ 1.618.

THEOREM 3.8 (LocAL CONVERGENCE OF NEWTON AND SECANT
METHODS). Let a be a simple root of f

fle) =0, f'(a) #0.
Assume f € C%[a,b]. Then there exists § > 0 such that Newton’s

method and the secant method converge locally for initial guesses
sufficiently close to a.

3.5 Fixed Point lteration

Definition 3.9 (Fixed Point Iteration). If f(a) =0, then a = ¢(a),
so a is a fixed point of ¢. Iterate

Xn+1 =@(xn), n=01,2,...
If x, — a, then « solves the original equation.

THEOREM 3.10 (FIXED POINT THEOREM (CONTRACTION MAPPING
THEOREM)). Let ¢ : [a,b] — [a,b] and assume

¢ € C'a,b],
and there exists 0 < y < 1 such that
lo’(x)| <y, Vxe€[ab].

Then there exists a unique fixed point & € [a, b], and the fixed point
iteration converges for any initial value xy € [a, b].

Proor. Let

F(x) = (x) -

Then,
F(a) =¢(a) —a >0, F(b)=¢()-b<o.
Hence there exists « € [a, b] such that
a=g¢(a).

If there exists another fixed point a; # a, then
la —ar| = |p(a) = p(a)| = o' (O]l = a1| < yla — a1 < |a—al,

a contradiction. o

THEOREM 3.11 (LOCAL CONVERGENCE OF FIXED POINT ITERATION).
Let ¢ be a fixed point of ¢. Assume

¢@=¢"(@==p"()=0, 9P (@=#0, px1,
and ¢ € CP(I;) wherel. = [a — ¢, a + €]. Define
M(e) = maXl(P'(t)|~

Choose ¢ such that M(¢) < y < 1. Then for xo € I, the iteration
Xn+1 = @(xp) converges to . Moreover, its order of convergence is p.

Proor. For x € I, by MVT, for some ¢ between x and «a,

lo(x)—al =lp(x) —p()| =1¢" (D] Ix—al <ylx-al < |x-a| <&
So ¢(x) € I, and we may apply the contraction fixed point theorem.
Xn — a)? Xp — )P
Xaon = p(x) = ¢<a>+% o () = e T O ),
Hence,
. Xn+1 — A (p)
nh—I»rolo (xn — a)P (0{) # 0.

Therefore, the convergence is of order p. O

3.6 Systems of Nonlinear Equations
Consider solving  f(x) =0, x €R¢,
J(xn) pn = —£(xn),
Let A, approximate J(x;,).
Ap(Xn — Xn-1) = f(xn) — £(Xn-1)-
Define pp-1 =%, —Xp-1,  gn-1 = £(xn) — (Xn-1).

f:R? - RY,

Xn+1 = Xp + Pn-

Assume a rank-one update,
A=A, 1+ un_lp,f_l.
Plugging into the secant condition,

An—lpn—l + un—l(Pz_lpn—l) = 8n-1-

Thus,
gn—l - An—lpn—l
Up-1 =
Pp-1Pn-1
For a rank-one update,
A lxyTA!

Arxy)yl=pa1- 2 X8
(A+xy’) 1+yTA-Ix

Sherman—-Morrison Formula
A;il (gn—l - An—lpn—l )Pz;_ 1A;11

A=A -
T pPei A

;il(gn—l - An—lpn—l) .



4 Initial Value Problems for ODEs
4.1 Taylor Expansion Methods

Using the Taylor series,

h? Kt
Y(tnr1) = y(tn) +hay’ (tn) + fy”(tn) +ooot p—’: y'P) (1) +O(HL™).

V() = A 09(0) = 50,900 + 2 1y(0) £ty (0),

4.2 Integral Formulation and Quadrature
Integrate y/(t) :f(t) y(t)) over [tns tn+1]:

th+1
) =y + [ flayo) dr
tn
Trapezoidal Method (Implicit, Second-Order)
hn
Yn+1 =Yn + 7(f(tn, yn) +f(tn+lx yn+1))~
Heun’s / Improved Euler Method (Explicit, Second-Order)
Y= Yn + hnf(tna yn),

h
Yn+1 =Yn + ?n(f(tn) yn) +f(tn+1a Y))
Midpoint Method (Implicit)

Yn + yn+1).

Yn+1 =Yn + hf(tn_'_%, D)

RK2 Method (Explicit)
h
Y= Yn + Ef(tna yn),

Yne1 =Yn + hf(tm%, Y).
General s-stage Runge-Kutta methods (Butcher tableau)

S
Yl-=yn+hZaijf(tn+cjh, Yj), i=1,...,s,
Jj=1

s
Yn+1 =Yn + hzbjf(tn + th, Y])

Jj=1

€1 | 1 Q2 - Qs

Cp | 421 Q2 -+ Qps

Cs as1 Aas2 e Ass

‘ by, b, --- b

First order condition
S S

Za,-j:ci, i=l,...,S, Zb]: .

Jj=1 Jj=1

Second order condition
S
1
Z b jC j = 5 .
j=1
Third order condition

s s s
1 1
bjCZ<=— biai‘C'=—.
Jj > J~]
ZFI 3 6

i=1 j=1

Forward Euler

ojo
1
Backward Euler
11
1
Explicit midpoint
0[]0 O
1] 1
213 0
0 1
Implicit midpoint
111
1
Classical RK4
0/{0 0 O O
1] 1
IR
Tlo 1 o o
170 0 1 0
‘l I 1 1
6 3 3 &6

4.3 Error and Stability

THEOREM 4.1. For a general one-step p-th order explicit method

Yn+1 =Yn + h qﬂ(tna Yns h),

let
Ype1 =Y(tn) + ho(tn, y(tn), h).
Then
|En+1l < 1Yn+1 = Ypoal + Uy = y(naa)|
< [yn + ho(tn, yn, ) = y(tn) = ho(tn, y(tn), h)| + AT |
< lyn —y(t)| + hlo(tn, yn, h) — @ (tn, y(tn), B)| + Al T
< (1+hLy)|Es| + heh?.

Assume

lo(ty1,h) = @(t, Y2, )| < Ly |y1 = 12
|En| < Ch? Liw (e<b*“)L«f - 1) ~ O(h?).
Definition 4.2 (Absolute Stability). Generally, for a one-step method,
when applied to the test problem
y =y,
we have
Yn+1 = R(2)yn, z:=Ah.
The absolute stability region is
{zeC||R(2)| £ 1}.

Definition 4.3 (A-stability). A method whose absolute stability
region contains the entire left half-plane is called A-stable.

THEOREM 4.4 (DAHLQUIST). Any A-stable multistep method is at
most second-order accurate.

Definition 4.5 (L-stability). A method is L-stable if it is A-stable
and
[R(z)| > 0 as|z| > o.



Definition 4.6 (A(a)-stability). Let arg(z) =  represent the nega-
tive real axis. If the wedge

T-—a<arg(z) <mT+a

is contained in the absolute stability region, then the method is
called
A(a)-stable.

In particular,
s

A-stable A( 5 ) -stable.

4.4  Multistep Methods

Definition 4.7 (Multistep Methods). Generally, an s-step method
can be written as

S S
Yn+1 = — Z AjYns1—j +h Z Bif (tns1—js Yns1-j)-
j=1 j=0
If By # 0, the method is implicit

Yns1=BPof (tnst, Yns1) = = O tjtinar—j+h 3" Bif (tavi—js Ynar-))-
j=1 Jj=1

Definition 4.8 (Local Truncation Error). The local truncation error
(LTE) is defined by

1 S S
T = n Z aj Y(tne1-j) = Zﬂj S nr1-js y(tnr1-5))-
Jj=0 Jj=0
Definition 4.9 (The Adams Family).

th+1
) =y + [ flayo dr
tn
Approximate f by an interpolating polynomial

f(&) = p(t)
through previous values f(t,, y;). Thus

a =1 a =-1, aj =0 (j>1).
Accuracy
O(h®),
with s = 1 giving forward Euler. If using t,, ty_1, ..., th+1-s to do

interpolation (s points), we obtain the s-step explicit Adams method,
called the Adams-Bashforth method.
Accuracy

o) ( h3+1 ),
with s = 0 giving backward Euler. If using tp41, t, . . ., th+1-s to do
interpolation (s + 1 points), we obtain the s-step implicit Adams
method, called the Adams-Moulton method.

Definition 4.10 (Predictor-Corrector Methods).
Predictor (second-order Adams-Bashforth):

h
Y=yn+ 5(3f(tns Yn) = f(tn-1, yn—l))-
Corrector (third-order Adams-Moulton):

h
Yn+1 =Yn + E(Sf(tnﬂs Y) + Sf(tn: yn) - f(tn—b yn—l))~
Overall, the scheme is explicit and
o(h).

Definition 4.11 (Backward Differentiation Formula (BDF)). Inter-
polate y using

tn+1a tna LR} tn+l—s

(s + 1 points), and set

p/(tn+l) = f(tn+1, yn+1)~
This gives the s-step BDF, with accuracy

O(K).
Thus
Bo # 0,

The two-step BDF formula is

Bi=0 (j>0).

3yn+l - 4yn + Yn-1
2h
(Dahlquist) The BDF-s methods satisfy the root condition for

:f(tn+1,yn+1)~

s < 6.

4.5 Convergence
Definition 4.12 (Zero-Stability of One-Step Method).
N 1
Yn+1 =Yn + h‘ﬂ(tns Yns h), (Rhu)n = Z(un+1 - un) - (P(tn) Up, h)

The one-step method is called zero stable if there exists K > 0, not
depending on h, such that for arbitrary two grid functions #, g, hold

1 = les < K Juto = 0] + | R4 = Rl )
for all h < hy.
THEOREM 4.13. If¢(t,y, h) satisfies the Lipschitz condition

lp(t,y1, h) — o(t, y2, W)| < Lylyr — 2
for all
t e [ab],

then the one-step method is zero stable.

y,y2 €R, h<h,
Proor. For two arbitrary grid functions i, g,

Un+1 = Up + h(tn, un, h) + h(Ryth)n,

Ont1 = Up + ho(tn, vp, h) + h(Ry0)p.
Unt1=Un+1 = Un=Un+h[@(tn, n, ) =@ (tn, Un, h) | +h[ (Ryid)n—(R4D)n]

Uns1 = On+1] S |tp = 0| + hLy|up = vp| + hl|Rpii — Ryl
= (1+ hLy)|up — vp| + hl|Rpii = Rpt|lo.
1= Blleo < K (lto = o] + 1Ry — RiBll).

]

THEOREM 4.14. If the one-step method has LTE O(h?) and zero
stable, then it converges and

15— " lleo = O(hP),

where i is the numerical solution and §* is the exact solution.



15 =51l < K190 = 4" (t0) | + I1RuF = R "l

Since
lyo —y"(to)| =0, [IRpgj — Rug "Il = O(RP),
then
15— 7"l = O(KP).
Thus

consistency (LTE) + stability (zero-stability) = convergence.

]

Definition 4.15 (Zero-Stability of Linear Multistep Method). Con-
sider the linear multistep method

dy S S
- =y, Z &yner-j = h Z Bif (- s Ynsa)).

It is called zero stable if there exists K > 0, not depending on h, such
that for arbitrary two grid functions #, g, there holds

i = Blle < K max fus = o1l + 1 Rei ~ Ryl
0<i<s-1
for all h < hy.

THEOREM 4.16. Assume f satisfies the Lipschitz condition with Ly,
and the roots of the characteristic polynomial

p(é) = Z a;E577 (assume oy = 1)
=0

satisfy the root condition
(1) all roots satisfy |€j] <1 forj=1,...,s,
(2) any root with |&;| = 1 must be simple (multiplicity 1).

Then the linear multi-step method is zero stable.

Proor. For two arbitrary grid functions #, ,

S

S
Z AjUpti—j = hz Bif (the1—j, Ups1-j) + h(Rpil)n,

7=0 j=0

S S
Z ®AjOny1-j = h Zﬁjf(tnﬂ—j, Ont1-j) + R(Rp0)n.
j=0 7=0

Let
en = Uy — Up.

Then
S
Z Ajlnt1—j = Pn+1,
Jj=0

where ¢, collects the right-hand-side differences. Since oy = 1,

s
€n+1 = — § Ajenti-j + Pn+1.
Jj=1
Define
€n+1 €n
€n €n-1

Eni1 = . , En=

€n+2-s €n+1-s

Then

€n+1 —ap o —Qs €n Pn+1
en 1 0 0 en-1 0
= 0 1 +
0
€n+2-s 0 s 0 10/ \en+1-s 0
That is,

En+1 = AE, + bpya.
The characteristic polynomial of A,
det(éI - A),
is p(&). The root condition implies
[AMlo <M Vn
for some M. Iterating,
Epi1 = AEp + bpi1 = A(AE,—1 + bp) + bpi
= A%E,_1 + Aby, + bpit

n+1
:An—s+2ES_1 +ZA"+1_mbm.
m=s
Hence
n
Ep=A"CVE i+ ) A" ™D,
m=s
Therefore
n
IEnllco < MIEs-illos + M D" llbmlls.
m=s
Since
len] < IEnlloos  [IEs-1llo = max |eil,
0<i<s—1
we get
n
< .
Jeal < M{Osrgxsag_l|el| ) |<pm|}.
m=s
S
|@m| < BBL; D Nt = 0| + Bl Ryii = Ry,
j=0
where
B= [nax 1Bl
Then
n S
Jeal < M {Og_lgsxl leil + ) (hﬁLf 2 lum—j = om| + hIR,E - Rhanm)}
m=s Jj=0
n
<M {Ogr?g(_l lei| + (s + 1)hBLs Z lem| + Nh || Ryii — th||oo} .
m=0
Hence
n-1
(1= hBMLy (s + 1)) lenl < M{ max_leil + (s + DhpLy Z) lem|
=

+(b = @)|IRpti — Rylloo}-



Choose h < hy such that
1
1 - hpML 1) > -.
hBMLp(s +1) 2 5
Then

n-1

Jeal < 2M { max Jeil + (s+ DALy ), lem| + (b = @lIRuii — Ryl

m=0

Define

A =2M(s+1)pLy, B=2M {0<11?<21er le;| + (b — a)||Rpii — Rh5||w} .

Then

n-1

lea| < Ah Z lem| + B.
m=0
len| < B(1+ hA)".
Therefore
leq| < Be™4 < Beb=@4,

So

un—0p| < 2Meb~@2MPBLy (s+1) { max
0<i<s—1

Thus one can choose

K = max {2Me(b—a)2MﬁLf(s+l)’ ZM(b _ a)e(b—a)ZMﬁLf(s+l)} ,

so that

lun — vp| SK{ max

s u; —v;| + ||Ryii — Rhﬁllm} .
0<i<s-1

THEOREM 4.17 (CONVERGENCE OF MULTI-STEP METHOD). If the

multi-step method has LTE of O(hP) and
yi —y () = O(hP),
and is zero stable, then it converges and

17 = 5" lleo = O(AP).

i=0,1,...,s—1,

Proor.

1-7"lle <K

0<i<s-1

Since

max |y; - y*(t;)| = O(hP)

0<i<s—1
and, by the LTE assumption,
IRrG — Ruij ™ llo = O(RP),
we obtain
17— Gl = O(RP).

max [y; —y* (t:)| + [Rngj = Rp3"lles | -

O

]

Definition 4.18 (Absolute Stability for Multistep Methods). Consider

the test equation

y =1y AeC, R <o.

S S
Z AjYn+1-j = hA Z ﬂjyn+1—j,
j=0 j=0

} |

u; —v;| + (b — a)||Rpti — Rh5||oo} .

hence
Z(aj = 2Bj)Yns1-j =0, z=hA
7=0

Define the stability polynomial

S

M(&2) = ) (e = 2) €7,

=0
The region of absolute stability for a multistep method is

{z € C: TI(¢&;z) satisfies the root condition }.

4.6 Fourier Transform

For the complex exponential basis
m(x) =e**, keZ

2r .

e i 0, k#j,

(7, 77) :=/ eFxe X dx = !

0 27'[, k = ]

Define the inner product

2r
(u,0) = / uv dx.
0

The best least-squares approximation to f using {mx} is

-1
o(x) = Z cre'®x,
k=—t
where
} 1 2 .
o = (fs k) _ f(x)e—zkx dx.

e = =
(msme) 27 Jo
As £ — oo, this becomes the full Fourier series

f(x) = Z e,

k=—oc0
When f is only given at discrete points. Let

21 .

21
=22 5 =2
J mJ

Ax = s
m

j=01....m-1,

and assume m > 2f. Define the discrete inner product

-1
21 % _
(u,0)r = IR
i=0
Then
1 .
2 g o k # 7
(o) = 223 et =
m i=0 271', k =j.

Hence, the discrete Fourier coefficients are

-1 m-—1
— (f,il’k)A 1 27 % ikxs 1 i
b= R = S e = — Y f(xg)e W
Jj=0 j=0

(Mo m)a 2 m

If m = 2¢, then
-1 -1
o(x;) = Z Tee™ = Z er'%kj.
k=—r k=—t¢
Define
o= wmim o ym—q,



Then we get

-1
— — ki J2—1 m/2—1
o) = ) @), = " " ik
l kZ( Jiermyz = Z By = O Z Foin1@,
and ) =0 =0
L el el that is,
7= — Ne~imki = = Neoki —~ —~ —~
Ck = m ~ f(xj)e m v f(x])(d . ﬁc+m/2 :ﬁceven_w/:n kOdd’ k=0,4..,%—l.
Therefore, If P(m) denotes the cost, then
1 m=1 -1 P(m) = 2P(m/2) + O(m).
| .
7(x;) = (o) = = . k(j-i)
o) ,CZ‘[ (@) = ; flxy) (kz_:[“ : P(m) = 4P(m/4) + O(2m) = 8P(m/8) + O(3m) = - -

If m = 27, then n = log, m, so

So for m = 2¢, we have the discrete Fourier transform (DFT)
P(m) =2"P(1) + O(nm) = O(m) + O(mlogm) = O(mlogm).

1 = P2
Cr = — Ve tm — _
= Z;f(x,)e oo k=—f -, Acknowledgments
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m—1
fo= Y fape®H, k=0 m-1,
Jj=0

with inverse

1 ~ 27,
flx) =~ el mkl =0, m—1
mis
FFT. Let
© = e*Zm/m = W,
and assume m is a power of 2. Then
m-1 m/2-1
f kj 2j)k 2j+1)k
Bz 3 flpall = O (Aol + ol ™).
Jj=0 j=0
Since
2k k
O = wm/Z’
this becomes
m/2-1 m/2—1 m
P= L k o jk _ m
fe = ; foj@ iy + o ]Z:(; Py k=02 =1
Define
m/2-1 m/2—1
Teven _ jk Zodd _ jk
f}( - Z f‘zjwm/z’ f}c = Z ﬁj+10)m/2.
Jj=0 Jj=0
Then
£ F 7 m
ﬁfzf;ceven'*'wfnf}:dd’ k:0,-~.,5—1.
Also,
m/2-1 mj2—1
r j (k 2 k 2 ik
fesmpz = Z fszi”( g wm+M/ Z féj+lwin~
=0 ~
Using

mi2 _ ;i
wM? = e =



	Abstract
	1 Approximation and Interpolation
	1.1 Least Squares Approximation
	1.2 Polynomial Interpolation
	1.3 Approximation and Interpolation by Spline Functions

	2 Numerical Differentiation and Integration
	2.1 Numerical Differentiation
	2.2 Numerical Integration

	3 Nonlinear Equations
	3.1 Iteration, Convergence, and Efficiency
	3.2 The Methods of Bisection and Sturm Sequences
	3.3 Newton's Method
	3.4 Secant Method
	3.5 Fixed Point Iteration
	3.6 Systems of Nonlinear Equations

	4 Initial Value Problems for ODEs
	4.1 Taylor Expansion Methods
	4.2 Integral Formulation and Quadrature
	4.3 Error and Stability
	4.4 Multistep Methods
	4.5 Convergence
	4.6 Fourier Transform

	Acknowledgments
	References

